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Abstract
The induced Ramsey number, IR(G;H), is equal to p if there exists a graph F on p vertices
such that any 2-colouring of its edges with red and blue leads to either an induced copy G
in the subgraph of F spanned by the red edges or an induced blue H , and, furthermore, no
graphs on p− 1 vertices have the above property. There will be shown that the lower bound of
the induced Ramsey number for a triangle-free graph on t vertices and a complete graph Kn is
roughly n2t=4. In one case, when the triangle-free graph is a star, a simple proof of the exact
value (about n2t=2) will be given. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
For graphs G and H the induced Ramsey number, IR(G;H), is de7ned as the small-
est integer p for which there is a graph F on p vertices such that in any 2-colouring
(say red and blue) of its edges there is a red induced subgraph G or a blue induced
subgraph H .
The existence of this number was proved independently by Deuber [2], Erdo˝s et al.
[3] and R;odl [7]. It is very little known about the behaviour of the induced Ramsey
number and the results are mostly of asymptotic type [1,4,6].
Recently, Kohayakawa et al. [5] showed that the induced Ramsey number of a tree
T and any graph H grows polynomially with |T | and |H |
IR(T; H)6ct2n4
(
log(tn2)
log log log(tn2)
)
:
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We shall deal with a case when H is a complete graph. We give the exact value
of the induced Ramsey number IR(T; Kn) when the tree is a star. Moreover, the lower
bound for a pair, when T is a triangle-free graph, will be given.
In this paper, we do not introduce any special notation. For graphs G; H the symbols
G+H;G∪H denote a join and a disjoint sum of graphs, respectively, and G\H denotes
a graph obtained from G by removing a subgraph H (with all incident edges).
2. Main results
Theorem 1. Let H be an arbitrary triangle-free graph on t¿3 vertices and let ct =
t (mod 2). Then for each n¿2 holds
IR(H;Kn)¿ t − 12 
n2 − n− 2
2
+ (2 − ct)(n− 2) + t:
Proof. Let G be an arbitrary graph on (t−1)=2(n2−n−2)=2+(2−ct)(n−2)+ t−1
vertices. We shall show that G can be 2-coloured with no red induced H and no
blue Kn. To do this we shall divide G into n − 1 disjoint subgraphs R1; R2; : : : ; Rn−1
which can be coloured red with no induced triangle-free graph on t vertices. Two cases
depending on that whether t is odd or even will be considered.
Case 1: Let t¿3 be odd.
Certainly G contains a clique Kn otherwise, it could be coloured blue. Let us denote
this clique K0 and colour it red. It is easy to observe that G1 = G \ K0 must contain
a clique Kn−1 otherwise, we could colour the remaining edges of G blue. Denote this
clique K1 and colour it and all edges between K0 and K1 red. Similarly, G2 =G1 \K1
must contain a clique Kn−1. Repeating this argumentation we obtain that there are
(t − 3)=2 disjoint cliques Kn−1 in G. Let all these cliques, K0 and all edges among
them be red. Denote an obtained red graph by R1. Surely G\R1 contains a clique Kn−1
and similarly (t − 3)=2 disjoint cliques Kn−2. Colour all of them and edges among
them red. In that way we obtain a second red subgraph R2. Similarly, we constuct
a sequence of red subgraphs R1; R2; : : : ; Rn−2. The last one consists of a triangle and
(t−3)=2 disjoint edges (see Fig. 1). Note that since we can take at most two vertices
from each clique to construct a triangle-free graph none of Ri; i=1; 2; : : : ; n−2 contains
any red induced H . A graph Rn−1 = G \
⋃n−2
i=1 Ri contains t − 1 vertices so it can be
coloured red as well. Now colour all edges among Ri; i=1; 2; : : : ; n−1 blue. In such a
way none blue Kn can be obtained and so the seeking 2-colouring has been constructed.
Case 2: Let t¿4 be even.
A similar consideration leads us to the conclusion that we can divide G into n−1 dis-
joint subgraphs R1; R2; : : : ; Rn−1 in the following way. Let each of Ri; i=1; 2; : : : ; n−2
consist of one clique Kn−i+1; (t − 3)=2 cliques Kn−i, one vertex extra and all edges
among them (just add one vertex to each of Ri; i = 1; 2; : : : ; n− 2 in Fig. 1). Now let
Rn−1 be induced by t − 1 remaining vertices. Like in the previous case we colour all
the Ri; i = 1; 2; : : : ; n − 1 red and all edges among them blue. In such a way we can
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Fig. 1.
get a red-induced triangle-free graph on at most t − 1 vertices. Certainly, no blue Kn
can be obtained.
Hence, in each case IR(H;Kn)¿(t − 1)=2(n2 − n− 2)=2 + (2 − ct)(n− 2) + t.
The proof of each case in the above theorem can also be conducted by induction
on n. As an example of an inductive proof we shall show the next theorem when the
triangle-free graph is a star. In this case, the lower bound from Theorem 1 can be
improved.
Theorem 2. For arbitrary k¿1 and n¿2 holds
IR(K1; k ; Kn) = (k − 1)n(n− 1)2 + n:
Proof. The proof consists of two parts. In the 7rst one, we shall show that
IR(K1; k ; Kn)¿ (k − 1)(n(n − 1))=2 + n − 1: In the second one, we shall construct
a graph F from the de7nition of the induced Ramsey number.
Let G be an arbitrary graph on (k − 1)n(n − 1)=2 + n − 1 vertices. We shall show
that G can be 2-coloured with no red-induced K1; k and no blue Kn. The proof will be
conducted by induction on n. It is trivial for n = 2. Note that certainly G contains a
clique Kn otherwise, it could be coloured blue. Let us denote this clique K0 and colour
it red. It is easy to observe that G1 = G \ K0 must contain a clique Kn−1 otherwise,
we could colour the remaining edges of G blue. Denote this clique K1 and colour it
and all edges between K0 and K1 red. Similarly, G2 = G1 \ K1 must contain a clique
Kn−1 which we denote by K2. Repeating the above consideration we conclude that
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Fig. 2. F = K1 + KKk + KK2k−1 + · · · + KK (n−1)k−(n−2).
apart from K0 G contains k − 2 disjoint cliques Kn−1 denoted by K1; K2; : : : ; Kk−2.
Let all Ki; i= 0; 1; 2; : : : ; k − 2 and edges among them be red. Let H =⋃k−2i=0 Ki. Then
H ful7ls the inductive assumption so it can be 2-coloured with no red induced K1; k
and no blue Kn−1. Let all not coloured so far edges of G be blue. In such a colouring
there is no red induced K1; k and no blue Kn and so IR(K1; k ; Kn)¿ (k−1)n(n−1)=2 +
n− 1.
Let be a graph consisting of n − 1 disjoint independent sets of size k; 2k − 1;
3k − 2; : : : ; (n − 1)k − (n − 2), a vertex v, and all edges among them (see Fig. 2).
We shall show that an arbitrary 2-colouring of the edges of this graph contains the
red-induced K1; k or the blue Kn. To do this we shall use induction on n. The theorem
is obvious for n = 2. Consider an arbitrary 2-colouring of the edges of this graph
containing no red-induced K1; k . Note that v has at most k − 1 red neighbours in each
of independent sets. Let H be the graph obtained by removing from G the vertex v
and k − 1 vertices from each independent set including red neighbours of v. Then H
ful7ls the inductive assumption and so it contains a blue Kn−1 which forms a blue
Kn together with v. Note that |V (F)|= (k − 1)n(n− 1)=2 + n and hence IR(K1; k ; Kn)6
(k − 1)n(n− 1)=2 + n.
A natural question is, whether the construction of the graph F from the Fig. 2 is
unique. The answer is negative. Even in the simplest, case for k = 2 and n = 3, there
is another graph possesing the required property. It is a wheel W6.
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